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Fis) = f e-'da(t), be a rational function of the complex variable s = a+ico, having at least as many poles as zeros. Fis) may be written as n (s -vd n (s -v,)
(2) **> = "?-Tn c* -p.) n (s -^) i=i i=i conditions, it follows that a(t) is a sum of exponential functions plus possibly a constant. Moreover, the complex poles and zeros of F(s) will occur in complex conjugate pairs and all the poles will have negative real parts. The purpose of this note is to present a sufficient set of conditions on the pole and zero locations of F(s) which insure that a(t) is a real, nondecreasing, and bounded function. Mulligan [l], Lukacs and Szasz, [2; 3], and Takano [4] have developed necessary conditions on the pole and zero locations for such an a(t). For example, if a+ij3 (<x<0) is a pole of F(s), then F(s) has at least one real pole p such that a^p<0.
Furthermore, Lukacs and Szasz [5; 6] have obtained sufficient conditions by restricting their investigation to the case where all the poles and zeros are simple and have the same real parts.
The method of proof in this paper makes use of a theorem due to Bernstein [7, Theorem 12a, p. 160] about completely monotonic functions. A function/(x) is said to be completely monotonic in the interval 0 ^x < co if it is continuous there and has derivatives of all orders satisfying
Bernstein's Theorem. "A necessary and sufficient condition that f(x) should be completely monotonic in 0 ^ x < oo is that /I 00 e-xtdg(t) o where g(t) is bounded and nondecreasing and the integral converges for 0^X<oo.» Now consider a function F(s) of the form (2) where m^ re = h+g+q. The rji, Vi, Pi and £» need not be distinct so that the following discussion includes the case of multiple poles and zeros. The real poles will be numbered according to their decreasing values; that is, 0>pî p2^ • • • 5:pm. Thus, if a real pole of multiplicity r occurs at s = a then r of the p, will equal a. Moreover, all the zeros and the complex poles will be denoted by y{ and numbered according to the decreasing values of their real parts; that is, denoting the real part of -y,-by a,-, the7» are numbered according toai^a2^ • • • ^a"wheren = h+g+q. Zeros and complex poles having the same real part are numbered in any fashion. As in the case of real poles, if the multiplicity of a zero or complex pole is r, it is counted r times.
Furthermore, let -G(a) be the logarithmic derivative of F(a).
In the last expression, the plus sign is used if 7,-is a pole and a minus sign is used if 7,-is a zero.
The following lemma, which is due to Aaron and Segers [8] , will be needed.
Lemma 1. Let all the poles and zeros of Fis) have negative real parts. If Gi<r) is completely monotonic in 0^<r< 00, then F(cr) is also completely monotonic in the same interval.
Proof. Since all the poles and zeros of F(s) have negative real parts and are either real or occur in complex conjugate pairs, it follows that F(cr)>0 for o-=i0. Thus, from (4) Assuming that ( -l)p~kF(p~k)ia) is non-negative for cr^O and for k = 0, 1, • • ■ , p, it follows that it is also non-negative in this interval for k = -1 since G(o-) is completely monotonic by hypothesis. Therefore, the lemma is proved by induction.
The following fact will also be required. Lemma 2. Ifx^O, y,^0, andx^ zZ"=i Vi< then,for k = 1, 2, 3, •••, n ix + \)k + n -1 ^ V (y< + 1)*.
1=1
The conclusion of this note may be stated as follows.
Theorem. Let ait) be a real, bounded function of the real variable t defined in the interval, 0^t< co, and let its Laplace-Stieltjes transform Fis) be a rational function as given by (2) where m^n = h+g+q. Also, let the largest real pole pi satisfy a, ^ pi < 0 where a,-is the real part of any zero or complex pole and i = l, 2, ■ ■ ■ , n. Furthermore, let A=an if an ^p» and let A=pn if p" <an. If n (6) zZ «< ^ Pi + (» -1)A, 1=1 than a(t) is nondecreasing.
Proof. By Lemma 1 and Bernstein's theorem, it is sufficient to show that G(a) is completely monotonic in 0^a< oo. Consider " h (t -i?i)*+1 ~ Hi (<r -k,)*+1J " That (7) is non-negative for <r2:0 and for ft = 0, 1, 2, • • ■ may be shown as follows.
The inequality (6) may be rewritten as
The quantities on -A are non-negative. Thus, for a^O, Using this inequality and the fact that m^n, it is readily seen that (7) is non-negative for o-^O and for ft = 0, 1, 2, • • ■ . Thus, G(<r) is completely monotonic in the same interval and the theorem is established.
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